REPRESENTATION OF MULTIVARIATE FUNCTIONS VIA THE 

POTENTIAL THEORY 

FLORICA-CORINA CIRSTEA AND SEVER SILVESTRU DRAGOMIR 



Abstract. In this paper, by the use of Potential Theory, some representation 
results for multivariate functions from the Sobolev spaces in terms of 

the double layer potential and the fundamental solution of Laplace's equation 
are pointed out. Applications for multivariate inequalities of Ostrowski type 
are also provided. 



1. Introduction 

The following representation for an absolutely continuous function f : [a.b] ] 
in terms of the integral mean is known in the literature as Montgomery identity 



where p 
(1.1) 
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f{t)dt 
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& — a , 
K, is given by 

P {t, x) = 



b — a 



p {t, x) f (t) dt, X e [a, b] ; 



if a < i < a; 
if X <t < b 



In the last decade, many authors (see for example |2| and the references therein) 
have extended the above result for different classes of functions defined on a compact 
interval, including: functions of bounded variation, monotonic functions, convex 
functions, n-time difFerentiable functions whose derivatives are absolutely continu- 
ous or satisfy different convexity properties etc. ..and pointed out sharp inequalities 
for the absolute value of the difference 

rb 



D{f-x) -.^fix)- 



1 



/ (t) dt, x e [a, b] . 



The obtained results have been applied in Approximation Theory, Numerical Inte- 
gration, Information Theory and other related domains. 

We have, see for instance p. 2], the following Ostrowski type inequalities 
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provided / is absolutely continuous and Lr [a, b]{l < r < oo) are the usual Lebesgue 
spaces. The constants \, (j,j^\-^i/p ^'^'^ 5 hesi possible in the sense that they 
cannot be replaced by smaller constants. 

If the functions / : [a, 6] x [c, d] R has the partial derivatives ^"^gj^j 
and ^ a}a'^^ continuous on [a, b] x [c, d\ , then one has the representation |2l p. 307] 



^(^'2^) = Th ^ ^ / / fit,s)dtds 

{b-a){d~c) 

1 f' , dfit,s) ^^^ 

' ' p(t,x) aids 

^ ^ dt 

q{s,y) — — dtds 

P (t, x) q (s, y) — — dtds, 



(b- 


a){d — c) 




1 


{b- 


a){d — c) 




1 



{b — a){d — c)Ja Jc ' ' citds 

for each {x, y) € [a, b] x [c, d] , where p is defined by 1)1.1(1 and q is the corresponding 
kernel for the interval [c, d] . 

Another representation for / : [a, b] x [c, d] R is |21 p. 294] 



1 /■'' „ . . . 1 '"^ 



f{x,y) = ^— I fit,y)dt+j—l fix,s)ds 



1 



{b-a){d-c) 



f (i, s) dtds 



1 f r ^ ^ , ^ d^f{t,s) , , 

+ {b-a)id-c) i I Pit^-)<li^^y)^^dtds, 

for each (x, y) e [a, b] x [c, d] , provided ^ //gi,^"* is continuous in [a, 6] x [c, d] . 

Different Ostrowski type inequalities for multivariate functions may be stated, 
see Chapters 5 & 6 of 

In this paper, by the use of Potential Theory, some representation results for mul- 
tivariate functions from the Sobolev spaces W^'P{fl), where is an open bounded 
set with smooth boundary in M.^ , N > 2,p G {N, oo], in terms of the double layer 
potential and the fundamental solution of Laplace's equation are pointed out. Ap- 
plications for multivariate inequalities of Ostrowski type are also provided. 

2. Preliminaries 

For il C M^, we denote by ft its closure and by dV, the boundary of Q. 

By a vector field we understand an R^-valued function on a subset of R^. If 
Z ~ (zi,Z2, . . . ,zn) is a differentiable vector field on an open set O C R^, the 
divergence of Z on CI is defined by 

N „ 

Proposition 1 (The Divergence Theorem). Let fl C be an open bounded set 
with boundary and let Z be a vector field of class C^(fl) n C{fl). Then, 

divZ{y)dy— / {Z{x), iy'{x)) da{x). 
Jan 
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Here, h'{x) is the unit outward normal to Oil at x and da denotes the Euclidian 



measure on dfl. We denote by (•, •) the canonical inner product on 

If w is a differentiable function defined near 951, we can define the normal deriv- 
ative of u on dfl by 



du 



— = (Vu, z^), where Vu = grad u = - — ,- — 



du du 



dxi 8x2 ' 



du \ 
dxN ) ' 



If is a domain for which the divergence theorem applies, then we have 

Proposition 2 (Green's first identity). Assume that u,v £ C^(ri) fl C^(il). The 

following holds 



n 



v{x)Au{x)dx+ / {Wu{x),'Vv{x)) dx 



n 



dn 



du 

v{x)^{x) da{x). 
ov 



Let 



\L"^(n) denote the usual norm on L™(ri), i.e., 

l/m 



\u{x)rdx 



n 



if M e L"^{Q.) with 1 < 771 < oo 



respectively 

I|w||l~(0) = inf{C > : < C a.e. on 17}, iiueL^{n). 

By Ty^'™(il), 1 < 777 < cx), we understand the Sobolev space defined by 

3(7i, 32, ■ ■ ■ Qn ^ U^iyi) such that 



w^-'^in) = {u£ L"\n) 



dxi 



9i- 



For u e W -"^{Q) we define gi = ^ and we write 

f du du 
Vu = gradu = -— , -— , . 

\ dxi dx2 



du 



dxN 



The Sobolev space W^'^ifl) is endowed with the norm 

N 



i=l 



du 



dx,. 



L™(n) 



For X gR^ and r > 0, set Br{x) = {y & : \x-y\ < r}, where = {x, x)^/^. 
Let E{x) define the fundamental solution of Laplace's equation AE{x) = in 
^ (iV > 2), i.e., 

^ ln|a;|, a; ^ (if = 2) 
x^0{ifN>3) 



E{x) 



27r 



{2-N)ujn\x\ 

where lun stands for the area of the unit sphere in M^. By T, Proposition 0.7], we 
know that the value of wjv is 



2^^/2 



UJN 



r(iv/2) 

where r(s) represents the Gamma function defined for Res > by 



Tis) 



e-H'-' dt. 
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Let n C be an open, bounded subset with boundary. For a continuous 
function h on dfl, the double layer potential with moment h is defined as 



(2.1) My) 



f dE 

/ h{x) — {x-y)da{x) 
Jdn ou 



For details about the next results, we refer to 

Proposition 3. If h is a continuous function on dfl, then 

(a) Uh{y) is well defined for all y G M^. 

(b) Au,,(i;) = for all y ^ dn. 

Lemma 1 (Gauss' Lemma). Letv be the double layer potential with moment h = l, 
i.e., 

"^(y) = / ^i.x-y)da{x). 

Then, we have 

r 1 ifV^^: 

v{y) = { 1/2 ifyedn, 

y ifyeM.^\n. 

The next result states the limits of the Uh{y) (defined by (|2.1() ') as we approach 
dVt from the interior or exterior of fi. 

Proposition 4. Let h be continuous on dfl and yo G dQ. Then, 

(2.2) lim Uhiy) ^ ^h{yo) + Uhiyo) and lim Uh(y) ^ -l-h{yo) + Uh{yo)- 

Remark 1. If /i £ C{dn) then u,, G C{dn) n L"'{n), for each 1 < m < c». 

Indeed, by PropositionsElandEI the function (p : ^ M. defined by (j){y) = Uh{y), 
yy G il and (p{yo) = ^h{yo) + Uh{yo), Vyo G dH. is continuous on Q. It follows that 
Uh G C'idn) and (j) G L°°(f]). But cj) = Uh on n so that Uh G L°°(ri). Thus, for 
each 1 < m < oo, we have 

/ luhTda; < ||u/i||™oo(o) meas(fi) < oo, 
Jo 

which shows that Uh G L™(il). 

3. Main results 

Let 51 C be an open bounded set with smooth boundary and A — {ai)i,^i be 
a finite family of points in fl. 

We assume throughout that / G C{Q) fl C^(ri \ A) and, for some a G (0, 1), 

(H) limsup '^^;^^"-^f°'^' <oo, VzG/. 

X — ^ai \X Ctj I 

We adopt the following notations 

f fdx ^ ^-T-— / f{x)dx and * f d(T{x) = 5—— / f{x)da{x). 

Jn meas (rj) /an meas (arj) Jq^ 
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Theorem 1. Suppose f e W^'^(fl) for sorn.e p G (iV, oo]. Then 

(3.1) f{y) = Ufiy) - I {VE{x - y), Vf{x)) dx, Wy e Q 

Jn 

resp., 

(3.2) / f{x)dx = ^ I f{x){x-y,y)da{x)-^ j {Vf{x),x-y)dx, Vj/ e R^. 

Proof. Let j/ G f2 be fixed. We first recall that, for each 7 G (0,iV), the mapping 
X I — > |a; — yl"''' e i^(f2). Indeed, for r > fixed so that Br{y) CC f2, we have 

dx f dx f dx 



meas (ft) r ( f daix) \ , 
< J + / / 1 ^ dp 



'^^Je \JdB,{y) \x-y\\ 

meas(r2) ^, j"' meas{dBp{y)) 



meas (f2) UNr^ 
r7 AT -7 

We now define F : ^ \ {y} as follows 

F{x) = {fix) - f{y))VE{x -y)= ^\'']~ ^^^^ {x - y). 

Note that F{x) is not smooth for all a; S O. We overcome this problem by choosing 

e > small enough such that B,{y) rcsp.. B^{ai) (o,; £ A \ {y}) is contained within 
f2 and each two such balls are disjoint. Therefore, F e C^{D^) n C{De) where 
Df = Q\ (Ui^iBf(ai) U B^{y)). Using the Divergence Theorem, we arrive at 



/ divi^(a;)dx= / {f{x)-f{y))^(x-y)d<j{x) 

Jd, JdQ 



dv 



1 f fix) - fjy) , 

We see that 

(3.4) lim I ^^-"^ ~ da{x) = 0. 

Indeed, in view of {H), for some constant L > and e > small enough, we have 
1 



< 



f^^^-f^y^daix) 



dB,(v) \x-y\ 



— N-i- / da{x) = Z/Wjve" — > as e — > 0. 

Notice that, for each i G I with ^ y, there exists a constant Cj > such that 
\fix) - f{y)\ < Ci\x - yx e B,{ai) 
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(since y ^ B^{ai)). Hence 

/(^) - f{y) 



(3.5) 



N 



(x — y,x — at) da{x) 



< 



IdB^ia.) \X~V 

< Qwive^^i ^0 as e ^ 
provided i £ / such that Ui ^ y. By H3.3(l - H3.5(l . it foUows that 



3E 

Mm I divF{x)dx=l {f{x)~f{y)) — {x~y)da{x) 



(3.6) 



dE , 



an 



fi^)-g^(^ - y) d(T{x) - /(y) 



by using Gauss' Lemma. On the other hand, for each x E D^, 

divFix) = {Vf(x),VE{x-y)) + U{x)- f(y))A^E{x-y) 
= {Vf{x),\/E{x-y)) 

since x i — s- E{x — y) is harmonic on \ {y}. By Holder's inequahty, we obtain 



\{Vfix),VE{x-y))\dx< 



I|V/||l.(o) 



ujn 



dx 



\x-y\(N-^)p' 



< oo 



which is due to |V/| G LP{n) and {N — l)p' < N. Hence, the mapping x i — > 
(V/(a;), VE{x — y)) is integrable on il. Thus, using H3.5|l we deduce that 

{Vf{x),\/E{x ~ y)) dx = Urn / (Vf (a;), VE{x - y)) dx 

dE 

fix) -TT- (x - y) da{x) - f{y) 
on ov 

which concludes our first assertion. 

Let 2/ e be arbitrary. We define G : H by G{x) = f(x)[x - y). Let 

e > be small such that 'Be{ai) C fi, Vi G / and 'Be{ai) n'Be{aj) = 0, Vi, j G / with 
i ^ j. Set U, = n\{u^eiB,{ai)). We have G G C^{U,)r\C{U,). By PropositionH 
we find that 



(3.7) 



div G{x) dx 



f{x){x-y,v) da{x) 



an 



E 

is/ 



fix) 



For each i € I, we have 
fix 



{x — y,x — Ui) da{x) 



< 



{x — y,x — Qi) da{x). 



dB4ai) 



\fix)\ 



\{x -y,x - ai)\da{x) 



< 



\f{x)\\x -y\d(T{x) 



aB,(ai) 

< Ci||/||ioc(n)meas(9B£(ai)) 

'Oase^O 



= Ci\\f\\L-^(yi)UJN^ 

for some constant Ci > that satisfies \x — y\ < Ci^Mx E dBkiui), Vfc G (0, e 
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It follows that 

(3.8) lim / :!^{x-y,x~ai)da{x) =0, Vie I. 



n — >oo 



We see that 

div G{x) = {Vfix),x -y)+ Nf{x), Vx £ U^. 
By / e cm n W^'P{fl) and Holder's inequality, we deduce / G L^{n) and 



\{Vfix),x-y)\dx< / \Vfix)\\x-y\dx 
Jn 

< (^JjVf{x)\Pdxy (^Jjx-y\P'dx 
= l|V/|U.(o) (^Jjx-yfdxY <oo 

Therefore, 

(3.9) lim / dW G{x)dx= [ {V f{x), x ~ y) + N [ f{x)dx. 



Passing to the limit e ^ in H3.7|l and using (|3.8() resp., (|3.9|l . we conclude that 



{yfix),x~y)+N fix)dx^ / fix){x-y,iydaix) 
Jn Jdn 

which proves (|3.2|) . □ 

To our next aim, we recall the following results. 

Lemma 2. Let C K''^ be an open set. Let (/i„) be a sequence in L^{^1), 1 < p < 
oo, and let h S LP{fl) be such that — /i||Lp(n) — > 0. 

Then, there exists a subsequence (hn^) and a function G L^iVL) such that 

(a) hn^{x) h{x) a.e. in 57, 

(b) \hnf,{x)\ < (j}{x) Vfc, a.e. in VL. 

The interested reader may find the proof of Lemma |21 in T', Theorem IV. 9]. 

Lemma 3. Suppose that Q, is of class and let u G W^^'^(f2) with 1 < p < oo. 

Then, there exists a sequence (u„) in C^(R^) such that Un\n u in W^'P{il.). 
In other words, the restrictions to of functions belonging to C^(R^) form a 
subspace which is dense in W^'P{n). 

For the proof of Lemma|21we refer to ^1 Corollary IX. 8]. 

We are now ready to give a representation theorem of functions in any Sobolev 
space W^'P{il,), p e {N, oo). More precisely, we prove 

Theorem 2. Let fl be an open bounded set in M.^ , N > 2. Then, for any 
g € W^'P{fl) with p E {N, oo), there exists a sequence (g„) C C(?°(R^) so that 



(3.10) 



g{y)^ lim / g,,{x) — {x~y)da{x) 

{V E{x — y),V g{x)) dx a.e. y G il. 
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Proof. By Lemma 01 we know that there exists a sequence g„ € C^(]R^) such that 
gn\n 5 in W^'P{fl). Hence, 



lim \\gn\n - g\\Lp(n) ^ and Urn 



dgn 




dxi 





= 0, = l,N. 



LP{Q} 



Applying Lemma |2] we have that, up to a subsequence (relabeUed (5n)), 

(3.11) g„\Q g a.e. in VL. 
Using Theorem ^ we obtain 

(3.12) gn{y) ^ / g„(a;) — (a;-y)dcr(x) - / {VE{x - y),\7gn{x)} dx, \fy e fl. 

Jdfi Jn 

We now show that 

(3.13) Urn (VE{x -y),Vgnix))dx = {VE(x -y),Vg{x))dx, Vy € n. 
Indeed, by Holder's inequahty, we deduce 



0< / \{Eix~y),\/gr.ix)-Vgix))\dx 
Jn 



N 



n 

N 
i=l 



< 



s:^ dE d{gn - g) 



dxt 



N 
i=l 



dxi dxi 



dx 



< 



dE 



VE{x-y)\^ dx 
dx 



i/p' 



dx j 

l/p' N 

E 

l/p' N 

•E 

1=1 



d{gn - g) 



dxi 



dx 



d{gn ~ g) 



By (|3.11|) - (|3.13|l we conclude the proof. 



d{gn - g) 



dxi 



as n ^ cx) 



LP(0) 



□ 



4. Special cases 

A function u G C^(ri) is called harmonic in 17 if it satisfies Au — in fl. 

The mean value theorem for harmonic functions says that the function value at 
the center of the ball -B_R(a) C is equal to the integral mean values over both the 
surface dBj^{a) and Bji{a) itself. More precisely. 

Proposition 5 (Theorem 2.1 in W). Let u G C^(f7) n (7(11) satisfy Au = in Q. 
Then for any ball B]i(a) C we have 



(4.1) 
(4.2) 



u{a) = (p u{x)da{x), 



u{a) 



u(x) dx. 
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(4.3) u{y) = / j-;^ daix), Vy £ Bn{a) 



JdB^(a) \x-yr 



The Poisson integral formula, together with an approximation argument, gives 
the representation form for harmonic functions u e C^{Bii{a)) n C{Bji{a)), that is 
(see 0, pp. 20) 

R^ -\y~a? r ujx) 
Moreover, we have 

Proposition 6 (Theorem 2.6 in 5 ). Let ip be a continuous function on dB. Then 
the function u defined by 

(4.4) u{y) = < R^N JdBnia) \x " Vl' 

[ ip{y), Vy e dBnia) 

belongs to C^{Bji{a)) H C{BR{a)) and satisfies Au = m Bji[a). 

It is now natural to ask what are the corresponding representation formulas for 
functions satisfying weaker regularity assumptions and not necessarily harmonic. 

To this aim, we state some consequences of Theorem^ whose preliminary as- 
sumptions are self-understood. As a common hypothesis for Corollaries QHTI we 
have / e W^'P{Vl) for some p e (iV, oo\. 

Corollary 1. For any ball Bii{a) C ft, we have 

(A K\ f( \ f f(.x){x-y,x~a) f {yf{x),x-y) 

(4.5) f(y)^ — 5 ■. 7j^da{x)~ ■ Tj^^dx, 

JdBn(a) Ri^N\x-y\" J Ba(a) UJn\x - yY^ 

where y G Bii{a) is arbitrary. 

Using Proposition El and Corollary ^ we arrive at 
Corollary 2. For any a £ Q and R > such that Bji[a) C we find 

{y-a,y -x ) 

IdBnia) Ri^N\x - y\' 



m =xiy) + I m da{x) 



~/ \ yyeBiiXa) 

JBnia) ^^WF-yr 

where x is the unique classical solution of the Dirichlet problem 

( Au = 0, in Bu{a) 

yu = f, ondBnia). 
Corollary 3. The following representation formula holds 

f{y) = / fix) dx+ f ( - W^^) /(-) Mx) 

Jn Jdn\^N\x-yr Nmeas{n)J 

\ ujn\x — y\" A'meas(i2) / 

In particular, for z — y we obtain 

fiy) = i fix) dx+ [ ( — r-^— -Tiv - ^r^,L. /o^ ) " ^^^(2^) 



(4-8) \ . ^ ^ 



\ujn\x — yl'^ iVmeas(f2)^ 

(V fix),x — y) dx, Vy G 57. 



fi \lun\x — y\'^ Afmeas(f2) 
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Corollary 4. For each a e and R> such that Bii{a) C Vl, we obtain 

f{y) = / fix) dx~l fix) do{x) + / /(x)(:r-y,x-a) ^^^^^ 
1 f f (Vf{x),x-y) {Vfix),x-a) \ u ^ , 

The particular case y = a leads to 

(4.9) /(a)-/ }{x)dx-—[ ( ^ {Vf{x),x-a)dx. 
resp., 

]_ r {Vf{x),x- a) 

fdBR{a) ' ^ ' ^ ' JBa(a) N - 



(4.10) /(a) = j> fix) daix) — / ^^^^^ Ji^ 



Corollary 5. An arbitrary value of f is below compared with the double layer 
potential with moment f 

where p' denotes the conjugate coefficient of p (i.e., l/p+ 1/p' = Ij- Moreover, 
for y £ fixed, the equality in j^-iil ) is established for the nontrivial function 
f(x) = ±|x — y\ if p = oo resp., f{x) — ±\x — y\^ with (i = [p — N)/{p — 1) if 
p G (iV, oo). 

Proof. By and Holder's inequality, we have 

(x-y,V/(x)) 



1/(2/) -"/(y) 



{VE{x-y),Vf{x))dx 



o ujM\x-y\^ 



dx 



^ f \{x-y,Vf{x))\ 1 f |V/(x)| 

1 / /■ . V^W r dx 



<— / |V/(a;)rda; 

WAT VA2 / \Jn \x-y\^'^ ^'P 



Let y e be fixed. We define f^y-.Ti^ Why 

^ ( ±\x-y\, ifp = oo 

^^'^^""^"l ±|a;-y|^, ifpe(iV,oo). 

Clearly we have f^y G C(n). Moreover, f^y eC^i^X {y}) and 



zb— — -, yxefl\{y}, ifp==oo 

(4.12) S7f^ix)^^ ^_ 

iwEI: VxGf7\M, ifpG(7V,oo) 

P \x — y\ 



11 



Since C{n) C LP{n), we infer that € W^'P{n) and 

1, if p = oo 



LP(0) 



p- N 



dx 



|a;-j/|(JV-i)p' 



1/p 



, if p e (Af, oo). 



It follows that the right hand side (RHS) of (|nT)l for f^y is 



(4.13) 



RHS 



p-N 



dx 



-, ifp e (7V,c5o). 



^iv(p-l)7n 

By (1231) and (jO^ . we have that the left hand side (LHS) of for /^^^^ is 



LHS 



{VE{x-y),Vf^Jx))dx 



{x -y,Vf^y{x)) 
o WAr|x-y|^ 



(4.14) 



dx 



\Jn 

p-N 



dx 



-7, ifpe(iV,oo). 



Using H4.13|l and (|4.14() we obtain equahty in H4.11|l for f{x) = fp^y{x). □ 
Corollary 6. For a e 57 and R > such that B = Bji{a) C Bji(a) C il, we have 

j^N-{N-l)p' \ p' 



(4.15) 



/(a) - f f{x)da{x) 

OB 



P 

N 



N - {N -l)p' 



I|v/|Up(b) 



Moreover, the constant is sharp and the function f{x) = ±|a; — a| if p — co resp. 
f{x) — ±\x — a\'^~'^^/^'P~^^ if p G {N, oo) achieves the equality. 

Proof. Note that / e C(B) n C^{B \ A,) resp., / e W^'P{B) with p G (A^, oo] 
Therefore, we can apply Corollary with y = a and Vl ~ B. More precisely, 



(4.16) 



OE 

/(a)- / /(a;)-^(a; - a)dcr(a:) 



< 



I|v/||l.(b) 



dx 



|2;-a|(^-i)p' 



i/p' 



where the equality holds for /(x) = ±|x— ?/| ifp = cx3and/(x) — ±|x— 
if p G (A^, oo). 

Notice that, for each x G dB, we have 

E X — Qi X — a 

— (x -a)^ {VE{x - a),v{x)) = ( ^, , :) 

CIV ujiq\x ~ ay \x — a\ 



1 



1 



It follows that 



(4.17) / /(a;)^(x-a)da(x) = \— 

JdB meas {dB) Jg^ 



— — meas (dB). 



f{x)da{x)= f f{x)da{x). 

dB 
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On the other hand, 
dx 

IB \x -a|(^-i)P' 



da{x) 



dp 



(4.18) 



VP' 



N -{N - l)p' ' 
Replacing (|4.17|l and H4.18|l in (|4.16|l we obtain (|4.15(l . 

Corollary 7. The following identities hold 



□ 



(4.19) 



1 



Uf{y)dy=— / f{x){x - z,v)d(j{x) - — / {V f{x),x - z) dx 



an 



N 



{VE{x-y),Vf{x))dx]dy, Vz G 



resp., 
(4.20) 

where we define 



an 



n \Jn 



Uf{z)da{z) = - f{z)da{z)+ C{z)da{z), 
^ Jan Jan 



C(z) = lim {VEix ~t),Vf{x))dx, for each z e dil. 
Jo 

Remark 2. Note that C is well defined because of H2.2|l and 1)3.1(1 . 

froo/. By virtue of Remark U u/ g £^(0). Obviously, / £ L^{fl) since / 6 C(fl) 
and fl is bounded. Therefore, we can integrate ((3.1|l over H. to obtain 



/(y)c?y = / Uf{y)dy 



n \Jn 



{VE(x~y),Vf{x))dx]dy. 



Using now (|3.2|) . we arrive at H4.19|l . 

Let z G 9ri be arbitrary. By the continuity of / on and Proposition 3, we find 



„lim [f{y) ~Uf{y)] 



fiz) 



Uf{z). 



Combining this with H3.1|l . we derive that 

(4.21) f{z) = 2uf{z) ~2C{z), Vzedn. 

By Remark 1, Uf{z) e C(9f2). Hence integrating (|4.21|) over 9il we find (|4.2U|I . □ 

Corollary 8 (Gauss' Lemma extension). Assume f £ W^'^{^1), for some p € 
[l,oo]. Then the following representation holds 



f{y) + / {VE{x - y), V/(x)) dx, Vy £ Q, if p £ (iV, oo], 
Jn 

(4.22) Ufiy) = { Civ) + /(2/)/2, Vy £ 917, z/p £ (TV, oo], 

{\7E{x ~y),Vf{x))dx, Vy£R^\f7, Vp£[l,oo]. 
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Proof. In view of H3.1|) and H4.21|l . we need only to show that 



(4.23) 



Ufiy) = / (VS(x - y),Vf{x)) dx, Vy £ \ \/p e [1, oo; 



For y G R \ Q fixed, we define the vector field Z : 



pN 



by 



Z{x) = f{x)VE{x - y) = 



ujn\x ~ y\^ 



{x — y), \fx fl. 



Cleariy, Z £ C^{n\A)n C(0). Let e > be fixed such that B,{ai) c n^i G / 
and Be(ai) n B<:(aj) = 0, V«, j G / with j ^ j. We denote fie := \ (Uie/Se(ai)) • 
By applying Proposition ^ for Z : 17^ M^, we obtain 



(4.24) 



div Z{x) dx 



fi^)^ix - y)d(T{x) 
dn 



I 



E 



/(^) 



{x — y,x — tti) da{x). 



Since y ^ il, for each i G /, there exists a constant Mi > such that 

\x-y\> M,, Vx G dBj{ai), G (0, e]. 
Hence, for each i (1 I, we have 



(4.25) 



aB.(a,) - y 



N 



{x — y,x ~ Qi) da{x) 



< 



dB,(ai) \X-y 



< 



ll/l 



L~(n) 



meas {dB^{ai)) 



Af~l 



as e ^ 0. 



By l^n^ and (1323, it follows that 

(4.26) lim / divZ(x)dx== / f{x)^{x~y)da{x). 

^^ojo, Jan 

Since x i — > £'(x — y) is harmonic on \ {y}, we find that 

div Z{x) = (V/(a;), V^;(x - y)) + /(x)A,i;(x - y) 

^{Vf{x),VE{x~y)), Va^Ga. 



(4.27) 



We define ^{x) = \x — y 



l-N 



, for each a; G fi. Since y ^ fi, we have G C(ri) so 



that ^E" G L'"(f7), Vto G [f , oo]. By Holder's inequality, we infer that 

(4.28) / \{Vf(x),VE{x-y))\dx<—\\Vf\\L.inm\Lv'i,n)<^. G [1, 
From we conclude 



□ 



Proposition 7. //SI is an open bounded set with boundary and f G C^(fl) fl 
C^(n) suc/i t/iat A/ G C(n), f/ien 

5/, 



(4.29) 



{VE{x^y),\7fix))dx 



on 



{x)E{x — y) da{x) 



Af{x)E{x - y) dx, Vy G \ dn 
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Proof. If 2/ e \ il, then H4.29|l follows by Proposition 12 (since x i — > E{x - y) 

belongs to c^{n) nc\n)). _ 

For y £ fixed, we choose e > such that B^{y) C il. By Proposition|21(applied 
on SI \ we find 



(4.30) 

Since x 
(4.31) 



n\B,(y) 



Af{x)E{x-y)dx= I y^{x)E{x - y) da{x) 



dB,(y) 



— {x)E{x - y) da{x) 



n\B.{y) 



{yfix),VE{x-y))dx. 



Af{x)E{x — y) is integrable on H., we have 



Af(x)E{x — y) dx — lim 



Af{x)E{x - y)dx. 



n\B.{y) 



On the other hand, using / G C^(ri), we deduce (as in the proof of Theorem 
that X I — > (V/(x), \/E{x — J/)) is integrable on fl. It follows that 



ln\B,iy) 



(4.32) / {Vf{x),VE{x - y)) dx = lim / 
Our next step is to prove that 

(4.33) lim/ ^{x)E{x -y)da{x) =0 

^^^JdB,{y) Of 



{Vf{x),VE{x-y))dx. 



Indeed, if = 2, then we have 



L 



dB,(y) 



df 

— {x)E{x - y) da{x) 



< 



df, , 
TP a; 
ov 



dB,(y) 

< -Celoge ^0 as e ^ 



IT- |ln|x-y|| dcr{x) 
Ztt 



resp., if iV > 2 then 
df 



L 



dB,{y) dv 



{x)E{x — y) d(j{x) 



< 



dB^y) 



df 



(x) 



UNiN -2)\x~y\^-^ 



da{x) 



meas {dBe{y)) nan 
< C j7-T^ = CcJAre ^0 as e ^ 



where, in both cases, C denotes a positive constant. 

Passing to the hmit e ^ in (|4.3U|I and using (|4.31|I - H4.33|I . we obtain (|4.29|l . □ 

Remark 3. Under the assumptions of Proposition[3 Corollary |H1 leads to the Green- 
Riemann representation formula (see [4, §2.4]) 



f{y) = [ f{x)^{x - y) da{x) 
Jdn ov 



Af{x)E{x-y)dx, 



df 



an dv 



{x)E{x — y) da(x) 



and 



= 



/ fi^)^i^ - y)dcrix) - —{x)E{x~y)da{x) 
Jan dv Jg^ dv 



Af{x)E{x - y) dx, My G R^'' \ O 
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Moreover, if dfl is smooth enough (at least C^), then 

f OE f 
f{y)=2 f{x) — {x-y) da{x)- 2 lim {VE{x - t),S7 f{x)) dx, G On. 
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